MARIA COLLEGE OF ENGINEERING AND TECHNOLOGY, ATTOOR.

B.E.Degree Examination
(common to all branches)

TRANSFORMS AND PARTIAL DIFGFERENTIAL EQUATION (MA31)
2 MARK QUESTIONS AND ANSWERS

UNIT 1

FOURIER SERIES

1. Find b,, in the expansion of x? as a Fourier series in (— TT, n’)?
Solution:
Given f(x) = x? is an even function.
[+ () =x? and f(—x) = x*
“ fO0) = f(-x)
~ f(x) is an even function ]
~b,=0

2. If f(x) is an odd function defined in (-, I) what are the values of @y and a,, ?

Solution:

Given f(x) isan odd functionin (~1,1)
~ayg=0 a,=0

3. Find the Fourier constants b,, for xsinx in(-,)?
Solution:
Let f(x) = xsinx
f(=x) = —xsin(—x)
= —x(—sinx)

= xsinx



& f(x) = f(-x)
~ f(x) = xsinx is an even function
“by,=0
4. State the Parseval’s identity for the half-range cosine expansion of f(x) in(0,1) ?
Solution:

Parseval’s identity for the half-range cosine expansion of f(x) in (0,1) is

L peoldx = (%) +155, 0,2
5. Find the value of a,, in the cosine series expansion of f(x) = k in the interval (0, 10)?
Solution:
Given f(x) = kin (0,10).Here l = 10

2l nmwx
Gl = ?fof(x)cosde

2 10 nix
== [ kcos——dx
1070 10

nmx 10

10

_kio . 10nm

T s5an” 10

2k,
= —sinnm
nm
=0.
6. Determine b,, in the Fourier series expansion of f(x) = %(:r —x) in0 < x < 2m with period ?
Solution:
Given f(x) = é(:rr—x) in 0<x<2m
1 p2m .
b, = ;fo f(x)sin nxdx
1 21

==k E(TI— x)sin nxdx

1 2w .
=—J, (@ —x)sinnxdx



1 —cosnx sinnx] 2T
= L[ — x) (F2m) -
2m n n? 1y

_ % [(?I _ 2?!) (—cosZnﬂr) __ sin2nmw |(1T . 0) (—C:SU) _ sinU”

n n? n?
1m0, m
=
2mIn n

7. Define Root Mean Square value of a function f(x) ina < x < b?

Solution:

IRTICIRLE:
b—a

Root Mean Square vaIue=J in the interval a < x < b.

8. Determine the value of a,, in the Fourier Series expansion of f(x) = x® in-m < x < m?
Solution:

Given f(x) = x*

f(=x) = (~2)?
f(=x) = ~f(x)
 f(x) = x* is an odd function.
“a,=0
9. The Fourier series expansion of f(x) in (0,2m) is f(x) = Y1 “Tx.Find the Root mean square

value of f(x)in the interval(0, 27)?

Solution:

Given f(x) = Y&,

n

~ap=0 a,=0 bn=%

Root mean square value of f(x)in the interval (0,2m) is

2
72 = (%) +3Tm(an® + by’

= 04357 (0+53)



1 1
= 52?:1 =
10. State the sufficient condition for a function f(x) to be expressed as Fourier series (or) Explain

Dirichlet’s conditions?
Solution:

(i) f(x) is periodic ,single valued and finite

(i) f(x) has a finite number of finite discontinuities in any one period and no infinite discontinuity .

(iii) f(x) has at the most a finite number of maxima and minima.

x O<x<1

11. Obtain the sum of the Fourier series for f(x) = {2 > } atx=1

Solution:
x = 1is a point of discontinuity

_ fa0)+ra4)

Sum
2

1+2
2

o
2
12. If f(x) = 2x in the interval (0, 4), then find the value of a; in the Fourier series expansion ?

Solution:

Given f(x) =2x. Here2l=4; =2

We know that a, = %f;f(x)cosgdx

1 r4 nmx
an =3 J, 2xcos —~dx

104
= - [ "2xcosmxdx
2Jo

- (%) - (),
_ |x(sir:rx) + Ca;‘;rx]z

=(0+2) - (0+)

=0.



13. Find the Sine series of f(x) = k in (0, ) ?
Solution:
Given f(x) = k in (0,m)
Sine series is f(x) = Yp=1 bpsinnx
Where b, = %fgf f(x)sin nxdx
= %foﬁ ksinnxdx
= %f; sin nxdx

2k cosnx]n
- T n 0

_ 2k | cosnm (cosﬂ)]
T n n

=21 +1]

=21 - (D]
£ fG0) = By |21 = (1) | sinnx
= %Zle[[l — (—1)"]|sinnx

2k ) 2sin3x
== [ZSmnx + - + - |

sin3x |

= 4—}:|si:ﬂnﬂc +=5+
14. If f(x) = sinhx is defined in - T < x < 7 write the value of a, a,,?
Solution:
Given f(x) = sinhx
f(—x) = sinh (—x)
= —sinhx
=—f(®)
~ f(=x) = f(x)



= f(x) isan odd function .
~ag=0,a,=0.

15. If f(x) = x* + x is expressed as a Fourier Series in the interval (—2,2) to which value in this
series converges at x = 2?

Solution:
Given f(x) = x* + x
x = 2 is discontinuous.

(=2)+f(2)
oo f(Z) = %

_ 4-2+442
- 2

=4
~ The Fourier series converges at x = 2 to the value 4.

16. If the Fourier series corresponding to f(x) = x theinterval il (0,2m) is

2 \
% + Y h-1(aycosnx + b,sinnx) Without finding the value of ay, a,,, b,, find the value

ag? 2
% + Zf=l(an2 + bn )?
Solution:

By Parseval’s identity
(1.02

) 1 2
o T Y, (aycosnx + bysinnx) = ;f "x2dx

2m—070
1 x3 2
=551,

_1en?
T 2m 3

17. What do you mean by Harmonic Analysis?
Solution:

The process of finding the Fourier Series for a function y = f(x)from the tabulated values of x and y at
equal intervals of x is called Harmonic Analysis.



18. Does f(x) = tanx posses a Fourier expansion?

Solution:

f(x) = tanx has an infinite discontinuity Dirichlet’s condition is not satisfied .Hence Fourier

expansion

19. If the Fourier Series for the function f(x) = {

|+

does not exite.

f(x) — _1 + 2 [cost+ cosdx | cosbx
w wl 13 3.5 5.7
Solution:
. 0 O<x<m
Given f(x) = { )
sinx T<x<2m
T .
X = E IS continuous
f(E) _ _ + 2 _6052; COS‘I—; cosﬁg
2 n w| 13 3.5 5.7
f(n) —_1,2 [cosT | cos2m | coS3m
2 T ml 1.3 3.5 5.7
1 1 1
O=—-+2|——+———+
T mlL 1.3 3.5 5.7
1 1 21 1
T 2 wll.3 3.5 5.7
2=-m _ 2 [ 1. 4 1 |
21T mll.3 3.5
2-7 (- 1
_ﬂ:(_ﬂr) = __i+i_ . |
2m 2 1.3 35 5.7
1 1 1 [—2
_ = e
1.3 3.5 5.7 4

20. If the Fourier series of the function f(x) = x + x? intheinterval -t < x < is

2 . 1 2 . . A .1 1
L +45% .(-1)"(= cosnx — = sinnx ) then find the value of infinite series — + —
3 n=1 n? n 12

Solution:

sinx

2

0
sinx

O<x<m
m<x<?2m
deduce that 11
13 35

2
Given f(x) = % +45> (=) (nlzcosnx - %sinnx)

x = 1 is discontinuous

_n-2
4

?



f+f(-m) _ m? w (_qyn(L —2gj
: == +437 ,(-1) (nzcosmr nsmnn)

2

n+mi-n+(-n)? _m ]
— % 3 Ak
2n? _ w? 1
7 =5 AT

2
2_ Ty 1
T 3 _4Zn:1nz

PART B
2
1.0btain the Fourier series of f(x) = x + x? in (~m, ) . Hence deduce that Y5, n—lz = %
_jJl-x —-m<x=<O0_ . .
2.If f(x) = 1+x O<x<m Find the Fourier series for f(x) and hence deduce the value of
LI I S

12 32 52

3. Obtain the Fourier series upto the second Harmonic from the data

t 0 i i v 20 5T T
6 3 2 6 6
y 1.98 1.30 1.05 1.30 -0.88 -0.25 1.98
4.Compute the first Harmonic of the Fourier series of [(x)
X 0 1 2 3 4 5
f(x) 4 8 15 7 6 2

5.Show that the complex form of the Fourier series of the periodic function f(x) = e ™, —-1<x <1

oo (—1)™(1-inm)

and f(x +2) = f(x)is f(x) = 3% = sinhl1(emm™)

1 al mt

: : o 1
6.Express f(x) = x in cosine series in the range 0 < x < L and deduce thatF tatat =g

7.Find the Half range sine series for a function f(x) = x(wr —x) 0 < x < m.Hence deduce that

_1)11+‘1 .T!'3

Iv's] ( i
2n=1 (2n-1)3 ~ 32

8.Find the Fourier series for the function f(x) = |x|, —I < x < L. Hence find the value of

172+32+57%+..



UNIT: 1l

FOURIER TRANSFORM
UNIT: 2

FOURIER TRANSFORM

ik
1. Find the Fourier transform of f(x) = )10 i:’;:;;ji b

FIFCO1 = =), (). e dx
_ 1 b k :

_v% [J‘ab ei(k+s)xdx |

1 e:’[k+s]x

ﬂﬁ[ i(k+s) ab]

‘l .
— [et(k+5)b

i(k+s)a]
V2mi(k+5)

— e
2. Find the Fourier sinetransform of %

We know that

RUF) = (207 f@sinsxax
= J %jom i sinsxdx

_ |2
A2

3. Statethe Fourier integral theorem.

The Fourier integral theorem of f(x) in theinterval (-€,8) is



f@) =717 f(£) cosA(t — x) dxd\

4. Writedown the Fourier cosine transform pair of formulae.

E[f(x)] = J%jﬂm f (x)cossxdx

RGN = [ ELf(lcossxds

E.[f(x)] and FY[F.[f(x)]] are caled Fourier cosine transform pair.

5. Define Fourier Transform pair.

. _ 1 [vs] :
() A==, f(x).e"* dx
(i) Inversion formulae
f(x)= Ej_w F[f(x)]. e "*dx
6. Define Fourier Transform sine transform pair formulae.

(i) Fourier sine Transform

Elf(x)] = J%jﬂm f(x)sinsxdx

(if)Inversion Formulae

f0) = [27 Rl Clsinsxz

7. Statethe Fourier transform of the derivatives of a function.

The Fourier transform of F(x),the derivative of F(x) isf(s), where f(s) isthe Fourier transform
of F(x).

FIF'(x)] = is f(s) .
8. Statethe Convolution Theorem for Fourier transforms.

The Fourier transform of the convolution of f(x) and g(x) isthe product of their Fourier
transforms.

(i.e)F[f(x)* 9g(x)]=F(s) G(s)=F[f (x)]F[ (g(x)]



9. State the Par seval’s identity on Fourier transform.

If f(x) isagiven function defined in (-o0, 00) then it satisfy the identity

j_ozol fOO)|)2dx = j_mmlF(s) |?ds.where F(s) is the Fourier Transform of f(x).

10. State the modulation theorem in Fourier Transform.

If F(s) isthe Fourier Transform of f(x), then F[f(x) cosax] :%[F(s+a)+F(s-a)].

11. What isthe Fourier Transform of f(x-a) if the Fourier transform of f(x) isf(s).

FIf(x-a)]=e'**f(s) .

12. Find the Fourier sinetransform of f(x)=e™*.

Weknow that F[f(x)] = J%_fom f(x)sinsxdx

Fle™*] = J%jﬂme‘xsinsxdx

-

13. Provethat F [f(ax)]:iF G) ,a>0.

F[f(ax)]= f(ax).e™ dx

1 [vs]
o3 I
ax=y
adx=dy (i.e), dx:%
when x=-co, y = —oo and x = o0,y = o
=L (" f(y). 5L
V2= —w a

=L (% f(y).e @y

= FC).

14. If f(x)= e~ **,a<0,find Fourier sinetransform of f(x).

1-1-532] [ _[Om e~ “sinbxdx =

h

a2+h?



Flf ()] = J%jg’" f()sinsxdx

b

a’+bh?

[ _j(':o e “sinbxdx =

Fle %] = J%jﬂme_axsinsxdx

- Pl

15. Stateinversetheorem for complex Fourier transform.

f(x)= fﬁ 17 FIf(x0)]. e~ ds.
is called theinverse formulafor the complex Fourier transform of F[f(x)].

16. Let F ((s) bethe Fourier cosinetransform of f(x).Provethat

F.[f(x)cosax] =S [F.(s+ a) + Fe(s — a)].
F.[f(x)cosax] = J%jﬂmf(x)cosax cossxdx
:%J%jomf(x){cos(a + s) x + cos(a — s) x}dx

== J %jom f(x) cos(a + s) xdx + ;j %jom fG9 cos(a = s) xdx

=;[F(s+a) + F(s - a)]
17. F [f(x)]=F(s) then provethat F[e'**f(x)] = F(s + a).
Fle' f(0)] = =1, e f (x). e ds.
= = f(0).e!*D dx
Flei®f(x)] = F(s + a)
18. What isthe sinetransform of f (ax) if E(s) isthe Fourier sinetransform of f(x).
We know that

Flf(ax)] = -



Where F[f(x)] = F(s)
Hereitisgiventhat F[f(x)] = fi(s)

Flf(a0)] == f:3).

19. State Parseval’s identity for the half-range cosine expansion of f(x) in (0O, 1).

20 TF OO dx = 2435, a2
all = 2_[01 f(x)dx
a, = 2_]01 f(x)cosnxdx.

20. Provethat F, [f (ax)] :i F. G) ,a>0.
Ff(ax)]= \Ejom f(ax).cossx dx

ax=y whenx =0,y=0

d
dx ==Y whenx=co,y = o

=J %jom f(y)cos (%) R

a

= i J%jﬂm f(x).cos (E) x dx

— B il
EVAC)
PART B
-1, x<-1
1.(i)Find the Fourier transform of f(x) = il, -1=sx<1
0 x>1

|x| for |x|<a

(ii)Find the Fourier transform of f(x) = }0 for x| >a,a>0

2. Find the Fourier sine and cosine transform of e™* .Hence evaluate (i)jﬁmm

3. (i)Find the Fourier cosine transform of e~*’

dx

and (i)

x2dx
(x2+1)2




(ii) Find the Fourier sine transform of xe X2

x| for|x|=1
for|x|>1

g P 2 o g P 4 7
transform . Hence deduce that | (g) dx =2 and (g) dx ==

4.Find the Fourier Transform of f(x) = {t_ | and also find the inverse

UNIT:3
PARTIAL DIFFERENTIAL EQUATIONS

1.Form the partial differential equation by eliminating the arbitrary function from z =

f(xy)?

Given z = f(xy)

Differentiate partially with respectto x:p = f'(xy)y... ... (@)
Differentiate partially with respectto y:.q = f'(xy)x ... ... 2
Eliminatingf from (1)& (2)

L S=f'(y)

y
2 %= f'(xy)
p_a
y X
px—qy =20

This is the required partial differential equation.
2.Write down the complete solution of z = px + qy + ¢,/ 1+pZ+q?
Given z = px + qy + ¢yJ1 + p? + g2
The complete solution is z = ax + by + cV1+aZ+h?

3.0btain partial differential equation by eliminate the arbitrary function from z =
f(x*+y?)

Given z = f(x? + y?)
Differentiate with respect to x:p = f'(x? + y?)2x ... ... (@)
Differentiate with respect to y: q = f'(x? + y?)2y...... (2)

Eliminatingf from (1)& (2)
1) Z=fG2+y?)
@ £=f6+y)
P_4 p_4

Zx_Zy x hY%
py—qx=20



This is the required partial differential equation.
4.Find the complete integral of p — y* = q + x??
Givenp —y?=q+ x?
p—x’=q+y’=k
=p—x?’=k q+y*’=k
=p=x*+k q=-y'+k
By total derivative formula dz = pdx + qdy
= dz = (x? + k)dx + (—y? + k)dy
Integrating
2=kx+£+ky—y—3+6
3 3
5.Form the partial differential equation of all spheres whose centers lie on the z —axis?
The equation of the sphere whose centers lie on the z —axis is
x?2 + x? + (z — ¢)? = r? where r is the constant.
Differentiate partially with respect to x
2x+2(z—c)p=0.... ()
Differentiate partially with respect to x
2y+2(z—¢c)g=0.... 2)

From (2)z—c = —7

Substituting in (1) we get
—Yp=
X=D 0
qx = py
Which is the required partial differential equation.
6.Form the p.d.e by eliminating the arbitrary constants from z = ax + by + ab

Given:z =ax+by+ab..........(1)



p = 6_3;: /S ¢7)

==
substituting (2)&(3) in (1) weget the required p.d.e

zZ= px+qy+pq
7.Eliminate the arbitrary constants a&b from z = ax + by + a* + b>.

Given: z = ax + by + a®+b>............ (1)

Differentiating (1) partially w.r.to’x’ we get

dz __

a_

0z
i b
gq=bhb.......(3)

Substitute in equation (1) we get the required p.d.e
Z=px+qy+p*+q°

8. Form a p.d.e by eliminating the arbitrary constants a&b from z=(x + a)?
(y — b)?
Given z=(x+a)’—(y—Db)*.........(0)

Differentiating (1) partially w.r.to’x’ we get

g: 2(x+a)
P=2(x+a) ... (2)

Differentiating(1) partially w.r.to ‘y’ we get

dz _ _
= 2(y—b)



q=2(0/—b) . (3)

Substitute in equation (1) we get the required p.d.e

=(2) - &

= 4z = p? — ¢*

9.Find the partial differential equation of all planes having equal intercepts on the x
and y axis?

The equation of such plane is g + % + % =1

Partially differentiate with respect to x and y ,we get

_+_:0
a b

b
p=—-.(01)
a b

b
q=--..(2)

From (1) and (2) we get

P=9
10.Form a partial differential equation by eliminating the arbitrary constants a and b
from the equation (x — a)? — (y — b)? = z%*cot’a

Given (x — a)? — (y — b)? = z%cot?a ... (1)
Partially differentiate with respect to x and y ,we get

2(x —a) = 2zpcot’a (x—a) = zpcot?®a...(2)

2(y —a) = 2zqcot’a (y —b) = zqcot?a... (3)
Substituting (2) and (3) in (1) we get

(zpcot?a)? + (zqcot’a)? = z%cot’a

p’cot’a + q’cot’a =1



p? + q? = tan’a
11.Find the particular integral of (D* — 2DD’' + D'?)z = e*™?
Given (D?—2DD' + D'?)z = *™¥
x-y

P.I= ;e
T D2-2pD'+Dr2

= e [Replace D by 1 and D'by — 1]

12.Solve the partial differential equation pq = x

Givenpg = x
pP_1_4
x q
_ _1
p=kx.q=r
z = [pdx + qdy
=_[kxdx+_[idy

=5+
13. Find the complete integral of ¢ = 2px
Given q = 2px

xngzk

p= q =2k

L
X
z = [pdx + qdy

.

= kj;dx+j2kdy

= klogx + 2ky + ¢

14.Form a p. d .e by eliminating the arbitrary constants from z=ax?> + ay* + b



2 _ 4

v =L by )
4y?p = q* which is the required p.d.e.

15.Form the pde by eliminatingaand b fromz=a(x+y) + b

Soln: Givenz = a(x + y) + b

a,
p=£=a ...................... (1)
_9z_
T — (2)

From (1) and (2) we get the required p.d.e.,
p=q.

2,
16. Form the general solution of 3—y;=0

. 8%z
Soln: Given -—=0
ay

8
Integrating p.w.r.to y on both sides
Z=f(x)
Again integrating p.w.r.to y on both sides
z = f(x)y + F(x) where both f(x) and F(x) are arbitrary.
17.0btain the complete solution of the equation z = px + qy — Zm
Soln: Given z = px + qy — 2,/pq

This is of the form z = px + qy+f(p, q)

Hence the complete integral is

z = ax + by — 2vJab where a and b are arbitrary constants.
18. Find the complete integral of pq = xy

Soln: Given pq = xy



Hence B
x q

It is of the form f(x,p) = @(v,q)

Let 2 =2=4
x q

I

p=ax and q = p
Hence dz = pdx + qdy
dz = axdx + %dy
Integrating on both sides

2

2
X
Z=&E—4'y

—+c
2az = a*x* + y? + b whichistherequired p.d.e.
19. Solve (D? + 6DD' +9D*)z =0
Soln: The given pdeis (D% + 6DD*+9D%)z =0
TheAEism?+6m+9=0
(m+3)(m+3)=0
m=-3,—-3
The solutionis z = f;(y — 3x) + xf,(y — 3x)

20.Find the particular integral of (D% + 4DD1)y = e*

1
Soln; Pl =————e*

! DZ2+4DD1
- 1 ex+0y
D2+4DD1

B 1
=e” ( 1+4(1)(0) )
X

=e

PART B

1.Find the general solution of x(y — 2)p+ y(z—x)gq—z(x —y) =0

2. Find the singular solution of z = px + qy + p* — q*



3.solve (D? + 2DD’ — 6D'?)z = —xsiny
4. Solve (D% +2DD’' — 6D'?)z = cos (x + 2y)
5.Solve the partial differential equation given by (x?—y?—z?) z—i + 2xy2—j/ = 2xz

9%z 9%z %z
i -V —2__~ = —_ X
6.Solve ax? + 9xay 2 377 (y—1e

7.Find the singular integral of z = px + qy + /1 + p2 + ¢2

8.Solve (D2 +2DD' + D'2 — 2D —2D")z = e2X Y + 3



