MARIA COLLEGE OF ENGINEERING AND TECHNOLOGY, ATTOOR.
MSc SOFTWARE ENGINEERING AND COMPUTER TECHNOLOGY

PARTIAL DIFGFERENTIAL EQUATION AND INTEGRAL TRANSFORMS (XCS 231)
UNIT |

FOURIER SERIES

2 MARK QUESTIONS AND ANSWERS
1.State the Parseval’s identity for the half-range cosine expansion of f(x) in(0,1) ?
Solution:

Parseval’s identity for the half-range cosine expansion of f(x) in (0,1) is

1 b 2 _ (% i E w 2
mfa [f(x)]*dx = ( > ) + Zanl an
2. Find the value of a,, in the cosine series expansion of f(x) = k in the interval (0,10)?
Solution:

Given f(x) = kin (0,10).Here [ = 10

2l
a, = ?fof(x)co:i?dx

2 r10 nix
== [ kcos—dx
1070 10

nmx 10

_k [-“'”7]
= |2

10

k10 ., 10nmw
= —-——S5INnN—
S5nm 10

2k,
= —Sinnm
nim
=0.
3. Determine b,, in the Fourier series expansion of f(x) = %(;T —x) in0 < x < 27 with period 2m?
Solution:

Given f(x) =%(7r—x) in 0<x<2m



b, = ifoznf(x)sin nxdx

1 02w .
==J4 E(Ir—x)smnxdx

=
21

1 —cosnx sinnx] 2T
=—|(mr—x) -
2m n n? 1y

;H(n — x)sin nxdx

— % [(?I _ ZTI) (—co;Zmr) _ Sir;Zznrr _ |(1T _ 0) (—cos(}) _ sinU”

n n?
1m0, m
-2
2w In n

2

1
nm n

4. . Define Root Mean Square value of a function f(x) ina < x < b?

Solution:

b 12
x)]“dx
Root Mean Square value=. ’L‘b‘% in the interval a < x < b.
sinnx

n

.Find the Root mean square

5. The Fourier series expansion of f(x) in (0,2m) is f(x) = Y-y
value of f(x)in theinterval (0,2m)?

Solution:

sinnx
n

Given f(x) = Yoy
1
~ap=0 a,=0 bn=;

Root mean square value of f(x)in the interval (0,27) is

2
72 = (%) +3Zmi(an® +b,7)

1 1
= 0+3%7.(0+)
1 1
=2Zn=177
6. State the sufficient condition for a function f(x) to be expressed as Fourier series (or) Explain

Dirichlet’s conditions?
Solution:



Any function f(x) can be developed as a Fourier series f(x)= ? + Y= apcosnx Y- by, sinnx where

(i) f(x) is periodic,single valued and finite

(i) f(x) has a finite number of finite discontinuities in any one period and no infinite discontinuity .
(i) f(x) has at the most a finite number of maxima and minima.

7. Explain periodic function with examples.

A function f(x) is said to have a period p if for all x, f(x + p) = f(x) where p s a positive constant.
The least value of p > 0 is called the period of f(x)

Example:
f(x) = sinx
f(x + 2m) = sin(x + 2m) = sinx
Here f(x) = f(x + 2m)
~ sinxis a periodic function with period 2w

8. What is the sum of the Fourier series at a point x = x; where the function f(x) has a finite
discontinuity.

_ flxtxg)+f(x—xq)
flo =

9.Write the formula of Fourier constants for f(x) in ¢, c + 21

ao:% fc+2ff(x)dx

c

c+21 nwx
e, 1 Jo " f(x) cos=~dx

b _lfﬁmf(x)sin?dx

n= I c
10.To what value, the Fourier series corresponding to f(x) = x? in (0,27T) converges at x = 0.

fO+fm _
2

The Fourier series converges to 2m?

11.Write the formula for finding constants of a Fourier series in (0,21T)
1 0
ag =1 [, f(x) dx

il = % fzonf(x)cosnx dx



1 .0 .
bn =7 [, f(x)sinnxdx
12.Find the constant a, of the Fourier series for the function f(x) = x In0< x < 2m
1 p2m
Qo =; fg f(x)dx
1 p2m
=J, xdx
1 [x21%"
=z,
o [ﬁ]
ml 2
=21

13.If the Fourier series for the function f(x) = 0,0 < 7

=sinx;0< x < 2mw

. _ _ 1 2fcos2x  cos4x , 1 1
is f(x) = N+n[ =t ..| .Deduce that i

1 —
5.7

.(x)'

Putting x = % we get,

2
FE)=-tl-ialo oty
2 ™ 1.3 3.5 5.7 2
1
— = —=——+ . |+=
T T 1.3 3.5 5.7 2
1,1 _ 1 =(1_i)(‘_’f)
1.3 3.5 5.7 T 2 2
_m=2
T4

14.Find the constant a; of the Fourier series for the function f(x) = k,0 < x < 2m
a0=%j02n f(x)dx
=2 " kdx
= g

_2mk

T
=2k

15.1f the Fourier series corresponding to f(x) = x in the interval (0,77) is



? + Yo 1(aycosnx + b, sinnx) without finding the values f ay, a,,,b,,. Find the value of
2

a 2 2

?u_'_ zf=l(an + bn)

2 5
. . . 2
By using Parseval’s identity a?“ + 3% (a% +b?) = %_[0 Tx2dx

2m

1 :
b, _ %_]0 f(x)sm? dx

17. The functions f(x) = tanx,f(x) = sin G) cannot be expanded as a Fourier series .Why?

tanx cannot be expanded as a Fourier series. Since tanx has infinite number of infinite
discontinuities. So it does not satisfy one of the Dirichlet’s conditions.

18.Define the value of the Fourier series of f(x) at a point of discontinuity.

At a point x = xy where f(x) has finite discontinuity, the sum of the Fourier series% [y, + v,]

where y; andy, are the two values of f(x) at the point of finite discontinuity.

19.1f f(x) = x* + x is expressed as a Fourier series in the interval (—2, 2) to which value this series
convergesatx = 2

x = 2is a point of discontinuity in the extremum

(f())xep =F2TE

_ 4=2+4+2
2

=4
20.Write parseval’s theorem on Fourier constants?

If the Fourier series corresponding to f(x) converges uniformly to f(x) in (=1, 1) then

1 R =2+ 554 (an? + by?)



UNIT: Il

FOURIER TRANSFORM

ek a<x<b

1.Find the Fourier transform of f(x) = )10 x<aandx>b

Solution:

FLAG)] = = f(x). e dx

1

=E

1 [J‘bei(k+s)xdx|
a

Vom

h " "
-!a eth. etsxdx

_ 1 [ei[k+s}x b]
V2r L i(k+s) 1@

1

=vﬁi(k+$) [ei(k+s)b _ ei(k+s)a]

2.Find the Fourier sine transform of%

Solution:

We know that

Elf(x)] = J%_f: f(x)sinsxdx

2 o1 .
= |=f =sinsxdx
-0 x

i
e i
LS
SN

3.State the Fourier integral theorem.

Solution:



The Fourier integral theorem of f(x) in the interval (—&, B) is

_ 1 oo oo _
f(x) = =0 I _f(t)cosA(t — x) dxd\
4.Write down the Fourier cosine transform pair of formulae.

Solution:

Elf(x)]= J%Jf f(x)cossxdx

FARIFCON = 2L RIf@]cossxds

E.[f(x)] and F~Y[F.[f(x)]] are called Fourier cosine transform pair.

5.Define Fourier Transform pair.

Solution:
; —_1 ¢ isx
() FLF ()] = 7= L f(x)e™ dx
(ii)Inversion formulae
1 g -7
f() = =L FIf(0)le ™ dx
6.Define Fourier Transform sine transform pair formulae.

Solution:

(i) Fourier sine Transform
RLF1= |2 f()sinsxdx
(ii)Inversion Formulae

f(x) = J%_{: F[f(x)]sinsxdx.

7.State the Fourier transform of the derivatives of a function.

Statement:



The Fourier transform of F*(x),the derivative of F(x) is f(s), where f(s) is the Fourier
transform of F(x).

FIF'(x)] = is f(s) .
8.Give a function which is self reciprocal under Fourier sine and cosine transforms

1

Vx

9. State the Parseval’s identity on Fourier transform.

Statement:
If f(x) is a given function defined in (—oo, 00) then it satisfy the identity

f_woolf(x)lzdx = jiolF(s)lzds.where F(s) is the Fourier Transform of f(x).
10.State the modulation theorem in Fourier Transform.

Statement:
If F(s) is the Fourier Transform of f(x), then

F[f(x) cosax] = %[F(s +a) + F(s—a)].
11.What is the Fourier Transform of f(x-a) if the Fourier transform of f(x) is f(s).

Solution:

FIf(x — a)l=e'*f(s) .
12. Find the Fourier sine transform of f(x)=e~*.

Solution:

We know that  F[f(x)] = J%jgof(x)sinsxdx

Fle™] = J%Lxe_xsinsxdx

- [

13.Prove that F [f (ax)|=- F (3 a>0.

b

a?+h? ]

1_’12] [ _j;m e”“sinbxdx =

Solution:



F[f(ax)]= V%j_ww f(ax).e™* dx
Putax =y

adx = dy

when x = —oco,y = —coqnd x = o0,y = oo

_ 1 e ( ) iszd_y

_V%Loof y 'e o a

217 o) @) g
avﬁ —oco y ' ' y
1 S

=—F().

14.1f f(x) = e **,a < 0,find Fourier sine transform of f(x).

Solution:

EIf(0)] = J%Jf f(x)sinsxdx

B oo oo . I
Fle %] = \Ej(; e~ Ysinsxdx [ J(; e “sinbxdx = a2:h2]

- ==

15.State inverse theorem for complex Fourier transform.

Solution:

f(¥) == _FIf(x)] " ds,
is called the inverse formula for the complex Fourier transform of F[f(x)].
16. Let F.(s) be the Fourier cosine transform of f(x).Prove that
F.[f(x)cosax] = %[Fc(s +a)+F.(s—a)l

Solution:



E.[f(x)cosax] = J%jgo f(x)cosax cossxdx
= %J%j: f(x){cos(a + s) x + cos(a — s) x}dx

= %J%J;” f(x) cos(a + s) xdx +~ \E 1, f(x) cos(a — s) xdx

7 [Fe(s +a) + E(s - a)]

17.F [f(x)] = F(s) then prove that F[e!** f(x)] = F(s + a).

Solution:

1

Fle! ™ f(x)] = = _e'%f(x).e* ds.

Vam-—
N i(s+a)
= vﬁ_[wf(x).e dx
Fle'™f(x)]=F(s+a)
18.What is the sine transform of f (ax) if f(s) is the Fourier sine transform of f(x).

Solution:

We know that
Flf(ax)] = - K
Where F[f(x)] = F(s)
Here it is given that F[f(x)] = fi(s)
Flf(ax)] = ~£C).

19.State Parseval’s identity for the half-range cosine expansion of f(x) in (0,1).

Solution:

20 TFCO1 dx = L3, a

ap, = 2_[01 f(x)dx



a, = 2_]'01 f(x)cosnxdx.

20.Prove that F [f (ax)] =§ F, G) ,a>0.

Solution:

F[f (ax)]= J%f; f(ax).cossx dx
ax =y whenx = 0,y =0

dx = % when x =00,y = 0
- fores(2):2
=§J%_}§°f(x). cos G) xdx

=2 FQ).
UNIT:III
PARTIAL DIFFERENTIAL EQUATIONS
1.Form the partial differential equation by eliminating the arbitrary function from z = f(xy)?

Given z = f(xy)

Differentiate partially with respectto x:p = f'(xy)y... .. (@)
Differentiate partially with respectto y:q = f'(xy)x ... ... )
Eliminatingf from (1)& (2)

» P=f0y)
@ I=f"(xy)
p_4a

y_x

px—qy =0

This is the required partial differential equation.
2.Write down the complete solution of z = px + qy + c\/m
Given z = px + qy + ¢cy/1 + p? + g2
The complete solution is z = ax + by + cV1+aZ+h?

3.0btain partial differential equation by eliminate the arbitrary function from z = f(x? + y?)



Given z = f(x? + y?)
Differentiate with respect to x:p = f'(x? + y?)2x ... ... (D)
Differentiate with respectto y: q = f'(x? + y2)2y ... ... (2)

Eliminatingf from (1)& (2)
Q) Z=f@*+y?)
@ =1+

p_4 p_4
2x

2y x vy
py—qx=20

This is the required partial differential equation.
4.Find the complete integral of p — y? = q + x??
Givenp —y?=q+ x?
p—x*=q+y*=k
=p—x?’=k q+y*’=k
=p=x’+k q=-y’+k
By total derivative formula dz = pdx + qdy
= dz = (x? + k)dx + (—y? + k)dy
Integrating
z=kx+x—q+ky—y—3+c
3 3
5.Form the partial differential equation of all spheres whose centers lie on the z —axis?
The equation of the sphere whose centers lie on the z —axis is
x?2 + x? + (z — ¢)? = r? where r is the constant.
Differentiate partially with respect to x
2x+2(z—c)p=0.... ()
Differentiate partially with respect to x
2y+2(z—¢c)g=0.... 2)

From(2)z—c=—

=



Substituting in (1) we get
— Yy =
X—=D 0
qx = py
Which is the required partial differential equation.

6.Form the p.d.e by eliminating the arbitrary constants from z = ax + by + ab

Given:z = ax + by+ ab........... (1)
B = 0z _ 5
= a—a( )
dz _
=G b............(3)

substituting (2)&(3) in (1) weget the required p.d.e
Z=px+qy+pq
7.Eliminate the arbitrary constants a&b from z = ax + by + a® + b?,
Given: z = ax + by + a®+b*............ (1)

Differentiating (1) partially w.r.to’x’ we get

dz _

a_

Differentiating(1) partially w.r.to ‘y’ we get

a9z
ay

Substitute in equation (1) we get the required p.d.e

Z = px+qy+p*+q
8. Form a p.d.e by eliminating the arbitrary constants a&b from z=(x + a)? — (y — b)?
Given z=(x+a)*—(y—b)*.........(0)

Differentiating (1) partially w.r.to’x’ we get



Differentiating(1) partially w.r.to ‘y’ we get

dz _ _
Z=20-b)

Substitute in equation (1) we get the required p.d.e

=(2) - &

2

= 4z = p? — ¢*

9.Find the partial differential equation of all planes having equal intercepts on the x and y

axis?
. . X ¥ z
The equation of such plane is —t-+-= 1

Partially differentiate with respect to x and y ,we get

_+_:O
a b

b
p=—2..(1)
a b

b
q=--..(2)

From (1) and (2) we get

pP=q
10.Form a partial differential equation by eliminating the arbitrary constants a and b from

the equation (x — a)? — (v — b)? = z%cot?«a

Given (x — a)? — (v — b)? = z%cot?a ... (1)



Partially differentiate with respect to x and y ,we get
2(x —a) = 2zpcot’a (x—a) = zpcot?a...(2)
2(y —a) = 2zqcot’a (y —b) = zqcot*a ... (3)
Substituting (2) and (3) in (1) we get
(zpcot?a)? + (zqcot’a)? = z%cot’a
p’cot’a + q’cot’a =1
p? + q* = tan*a
11.Find the particular integral of (D? — 2DD' + D'?)z = ¢*?
Given (D? —2DD’ + D'?)z = *7¥
PI= x~y

= p2appi+piz €

_ 1
1+2+1

e* ¥ [Replace D by 1 and D'by — 1]

1 i
=XV
4

12.Solve the partial differential equation pq = x
Givenpgq = x
=k

B_
x q

1
p=kx.,q=+
z = fpdx +qdy
= f[kxdx +J’% dy
_ g ixs 1
=k()+y+e
13. Find the complete integral of ¢ = 2px
Given g = 2px
—a

xp E=k

k
p=1 q=2k



z = [pdx + qdy
_ 1
= kj; dx + [ 2kdy
= klogx +2ky+c

14.Form a p. d .e by eliminating the arbitrary constants from z=ax? + ay? + b

4y?p = q* which is the required p.d.e.

15.Form the pde by eliminatingaand b fromz = a(x +y) + b

Soln: Givenz =a(x+y)+b

p=%= ...................... (1)
dz
:az ........................... (2)

From (1) and (2) we get the required p.d.e.,

p=q.
. 9%z
16. Form the general solution of a—y2=0

Soln: Given

d

2 (2

%z
570

dy \ dy
Integrating p.w.r.to y on both sides
0z
a_y'f(x)
Again integrating p.w.r.to y on both sides
z=f(x)y+F(x) where both f(x) and F(xO are arbitrary.

17.0btain the complete solution of the equation z = px + qy — 2,/pq



Soln: Given z = px + qy — 2,/pq
This is of the form z = px + qy+f(p,q)
Hence the complete integral is
z = ax + by — 2v/ab where a and b are arbitrary constants.
18. Find the complete integral of pg=xy
Soln: Given pg=xy

r y

Hence= ==
x q
Itis of the form f(x,p)= @(y, q)

Letr‘;’: =a

o |

p=ax and q = (—3:
Hence dz = pdx + qdy
dz = axdx + %dy
Integrating on both sides

2

2
X V

4+
2a

2az = a*x* + y? + b whichistherequired p.d.e.
19. Solve (D? + 6DD*+9D?%)z =0
Soln: The given pdeis(D? + 6DD' +9D?)z =0
TheAEism?+6m+9=0
(m+3)(m+3)=0
m=-3,—-3
The solutionis z = f;(y — 3x) + xf,(y — 3x)

20.Find the particular integral of (D% + 4DD')y = e*

1
Soln; Pl =————e*
! D2+4DD?Y
1 x+0y

-—e
D2+4DD1



= (o)
=eX
Unit IV
Z-Transform
1.Find z[(—1)"] ?

We know that Z[a"] = ﬁ

20" = =

z
Z+1

2.Show that Z-Transform is linear?
Z[af(n) + bg(m)] = aZ[f ()] + bZ[g(n)]
We know that Z[f(n)] = 350 f(n)z™" and Z[g(n)] = X3 g(n)z ™"
Zlaf(n) + bg(m)] = Xrzolaf(n) + bg(m)]z™"
= Ynmoaf(M)z™" + Lo bg(n)z™"
=a¥n-of(Mz "+ b3 g(M)z™"
=aZ[f(m)] +bZ[g(n)]

-1\
3.Find the Z —Transform of (?) ?

We know that Z[a"] = —

Z[(3)]= P

4 State final value theorem on Z- Transform?
If Z[f(n)] = F[z] then lim,_,(z — 1)F[z] = lim,,_., f(n)

5.Find the Z -Transform of sinn—; ?



zsinf

We know that Z[sinnf] = I TR P

To find Z |sin E]
2

.
. nm zsin—
VA |S|n ?] = 2

z2 —2zcos§+1

z%+1
6.Form the difference equation generated by y,, = an + b2" ?
Given y, = an + b2™ ... ... D
Yns1 = a(n+ 1)+ b2" 1 =a(n+ 1)+ b2"2... ... 2)
VYniz = a(n +2) + b2"*?2 = g(n + 2) + b2"4......(3)
Eliminating a and b from (1) ,(2) and (3)
Yo n 1

Yner NF1 2[=0
Ynyz N2 4

wld(n+1) —2(n + 2)] = nl4yni1 = 2yns2] + U yps1(n +2) = ypi2(n+ 1)1 =0
Wnldn +4 =2n— 4] = Any, 1 + 20 Ypyp + NYne1 + 2Vne1 — MYns2 = Ynez =0
2Ny, —AnYpi1 + 20 Ynip ¥ MYpi1 + 2Vns1 —MYVnsz2 ~ Yns2 =0

(M= Dyns2 + 2= 30)yp41 + 20y, =0

7.Define Z -Transform of {f(n)}?

2] = S50 )7

8. Form the difference equation generated by y,, = a — b3™ ?

Yn4e1 = a—b3"1 =a—bh3"3... ... )

Eliminating a and b from (1) ,(2) and (3)

Yy, 1 -1
Yn+1 1 _3| =0
Yniz 1 —9



Yn[=9+ 31 = U=9¥n+1 + 3Vn+2l = U yns1r = Yns21=0
Ynl=61+9Vni1 = 3 Yn42 = Vns1 + Yns2 =0
—2Yn+2 +8Yn41 — 6y, =0
2Yn+2 ~8Yn41 + 6y, =0
9. Find the Z-Transform of {n}?
We know that Z[f(n)] = Y-, f(n)z ™"
Z[()] = Zn=o(m)z™"

=0+1z1+2272+3273 + -

y =2
=2[1-7] [ (1—x)2=1+2x+3x2+--

10.State convolution theorem on Z —Transform?
(i) If Z[f(n)] = F[z] and Z[g(n)] = G[z] then Z[f(n) g(n)] = F[z]G][z]
(i) If Z[f(t)] = F[z] and Z[g(t)] = G[z] then Z[f(t) g(t)] = F[z]G[z]

aﬂ
11. . Find the Z -Transform of f(n) = {E forn=0

0 otherwise

aﬂ
Given f(n) = {E forn=0
0 otherwise

We know that Z[f(n)] = S50 f(R)z ™™

Also we know that Z[a" f(n)] = F [ﬂ

2l 2] =5t ™,



1 L
= {ez}zqg = R
12. State initial value theorem on Z- Transform?
If Z[f(n)] = F[z] then lim,_ ., F[z] = lim,,_o f(n)
13.Form the difference equation generated by u, = a2™ ?

Givenu, = a2™ ... (1)

Upyq = a2l = a2"2 = 2u, by (1)
14.Find the value of Z[f(n)] when f(n) = na™?

Given f(n) = na™

We know that Z[f(n)] = Yoo f(n)z™"
Also we know that Z[a" f(n)] = F E]

Zla"n] = {Zn=onz""}, =

- {(Z—ZI)Z}Z._,E |+ 2[n] = (z—zl)zl

Zn za?® az

Fa-17 _ az-a) _ (z-a)

15.Find Z [ﬂ?

We know that Z[f(n)] = Y5 f(n)z™"

7[f]= 3t

1 . .
=L 1, == T .
1 2 3

=23



16.Find the Z transform of (n + 2)

Zn+2] = Z[n] + Z[2]

=2 _+27[1]

(z-1)?

Z Z

T (z—1)2 z—1
17. State and prove initial value theorem on Z- Transform?
Statement:
If Z[f(n)] = F[z] then lim,_ ., F[z] = lim,,_, f(n)
Proof:
We know that Z[f(n)] = > - f(n)z™"

Flz] = f(0) + f()z ™t + f(2)z72 + -

=fO) + Q)+ @7+
lim, . Fl[z]=f(0)+0+0+---
= (0)
=lim,_o f(n)

Hence proved
18.Find the Z transform of (n + 1)(n + 2)
ZI(n+1)(n+2)]=Z[n*> +2n+ n+ 2]
= Z[n? +3n+ 2]
= Z[n?] + 3Z[n] + 2Z[1] by linear property

_ Z%42 3z 27

T (z-1)3 + (z-1)2  z-1




_ Z242432(Z-1)+22(Z2—-1)?
N (z-1)3

_ Z%424372-37427(Z%-2Z41)
B (z-1)3

_273-7Z+2
(z-1)3

19.Find Z[e~"a¢]
Z[e—iat] — Z[e—iat. 1]

= {Z[l]}zqzei(ﬂ'

=5
Z=1) 7 _ zelal

zemi

zelal _q
20.Define convolution?

The convolution of two sequences f(n) and g(n) is defined as

f(m) gn)=3r-f(rgn—r)
UNIT V

L aplace transform

1.Find the Laplace transform of \/iE?

Solution :
M+1
Weknow that  L[t"] = 55
L[E]=1]e
Vil
T3+ _ T3 _ VA 1
= =14=F ra_\/E

2.State the conditions for the existence of Laplace transform of afunction?
Solution:

If afunction f(t)is continuous and piecewise continuousinaclosed interval a < t < b andis of
exponential order then its Laplace transform exist.



3. Find the Laplace transform of tsinat?

Solution:
We know that L[tf(£)] = — d—z F(s)
L[tsinat] =— ;—i_ L[sinat]

- (t( a )
ds \s?+a?

_  2as
(s?+a?)?

4. Find the Laplace transform of t?cos3t?

Solution:

We know thet L[¢? £(6)] = - F[s]
aZ
L[t%cos3t] = oz Llcos3t]

L[t%cos3t] = e (L)

ds? \s+9

_2s%-54s
(s2+9)3

5.Find the Laplace transform of f(t) = t%e3t ?
Solution:

Given f(t) = t%e3t
Weknow that L[t2f(6)] = = Fs]

az
L[t%e3t] = 5 L[e3]

_d? 1
=L [:5]
_ 2

T (s-3)3

6.State the convolution theorem on Laplace transform?
Solution:
If f(t)and g(t)arefunctionsdefined for t = 0then L[f(t) g(t)] = LIf(t)]. L[g(t)]

7.State theinitial value theorem and final value theorem of Laplace transform?



Solution:
Initial value theorem:

If L[f(t)] = F(s),thenlim,_, f(t) = limg_,, F(s)
Final value theorem:

If LIF()] = F(s),then lim,_., f(£) = lim,_o F(s)

8.Eva|uateL‘1[ : ]?

(s+1)2+4

Solution:

L_l

= et 2] [ LTMF(s+a)] =e L7 F(s)]]

S
[(s+1)2+4] 52+4

=e tcos2t

oFind L7 [ (5)]?

s \s?+w?

Solution:;

We know that Find L1 @| =j0t L7[F(s)]dt

R = v [ e

ot sinwt
dt

:J'U

_ —coswt+1
w2

_ 1—coswt
w2

10. Find L™ [cot~(as)]?
Solution:

We know that L™ [F(s)] = =+ L™} [F (s)]

L™ cot Y (as)] = _Tl Bl [% cot~1(as)|

L~"[cot " (as)] = - L™ [

-a |
1+(as)?

- 1
:%L ! l1+(as}2|



=2 x Lsint/, {2 LUF(as)] =2 )

==Lsmt/,

. 1
11 Find L | Ve ~ %]

Solution:
11 _ 1 :
L|vVt- \Tf] =L|vt| - L [v_“f] Linear property
_Mn+1 = _n+1
Tl L [tz] L[e"] = STl
1
- 2 0
S
_ %1'1/2 VA
T g3/2 Vs
Vr__
2532 s

12. Write the formulafor Laplace transform of the periodic function?

Solution:
Let f(t) be aperiodic function with period T. Then

LIF (0] = =57 Jy et f(0)dt

13.Find the inverse Laplace transform of log (”1)‘?

s=1/"

Solution:

We know that L~ [F(s)] = = L™1[F (s)|

1 [tog (35)] = =117 [ft0 ()

s-1

_—%L'l [% [log(s + 1) — log(s — 1)]|

:—lL‘l . - ]
t s+1 s—-1



= [l - =D
=—1let = ef]

2 .,
:?smht.

14. Find the Laplace transform of (S+12)4 ?

Solution:

We know that [L™1[F (s + a)] = e “ L Y[F(s)]]

L= [(s+lz)4| =e [si«]

—2et? _ -2t

=e .
3! 6

15. Find the Laplace transform of ¢%2¢?

Solution;

We know thet L[¢? £(t)] = - LI (t)]

aZ
ds?

L[t22¢] = L L[2Y]

_az tlog2
i Lle o]

S S
ds? s—log?2

_ 2
(s—-log2)3’

16. Find L1

_ ]?’
52+65+13

Solution:

el =4
S2+65+13

[(s+31)2+4-]

—p-3t-1 [;] [ L' [F(s+a)]=e “LF(s)]]

52+4

_a¢ Sin2t
e 3=
2

1—cost ,)

17. Find the Laplace transform of :



Sol ution;

1-cost
-0

Ift -0

sLaplace transform exist.

L[] = £ LIF() ds

L [ 1_";0“] =_[:OL[1 — cost] ds

= j:O{L[l] — L[cost]} ds
:ﬁ E - 5;1] ds

= —= 2 il
|logs ~log (s* + 1)Js

18. Find the inverse Laplace transform of cot™* (”‘/ S) ?

Solution:

Weknow that L1[F(s)] = — 7 L7 [F (5)]

-1 |cot‘1(k /S)] =— % Lt [% cot‘l(k/ ?)]

:—lL‘l { _i = x__f
t : S
1+(5)
:—lL‘l[ K ]
t s2+k2
1, sinkt
=—=k.
t k
_sinkt

19.1f Lf(t)] = F(s).then prove that L[f(at)] = = F(5*3)?

Solution:
We know that L[f(£)] = f, e st f(t)dt



L[f(at)] =ﬁe‘“f(at)dt

Putx = at
dx = adt
t=0-x=0

[l=0 > X=wm
LIf(a0] = [} e e ()
== (—ij;@ e_ﬁxf(x)dx
= FI5al.
20Find L |f; e~tdt|?
Solution:

We know that L [ [ f®ydt] =22

L[fertad =

_ 1
T s(s+1)

PART B (8 MARK QUESTIONYS)

s

1. Use convolution theorem find the inverse Laplace transform of Grarye ?



_t .
2. Find the Laplace transform of f° e—i‘mdt?

3. Using Laplace transform solvei—?; + 6‘;—1’ + 9y = 6t%e 3 withy = ff—f =0whent =0?

o O<t=<a

4. Find the Laplace transform of the periodic function f(t) = {2.«1— ' a<t<2a

5. (i)FinoL ™ ()2

52—45+13
(i) Verify theinitial value theorem and final value theorem for f(t) = e t(t + 2)??

1—g =
t

6. Find the Laplace transform of f(t) = [?

7.Find L|e~* {] tsin3tdt|?

8. Solve the integral equation y(t) = 5sint — Zjot y(u) cos(t — u) du?



